In this paper, we study the existence and uniqueness of solutions for boundary value problems of fractional differential equations using Caputo approach. The obtained results are proved using the Banach contraction principle and Scheafer fixed point theorem. We also provide some examples to illustrate the possible application of the established results.
Introduction
Fractional calculus has attracted much interest in the last few decades. This theory has many applications in control theory, edge detection, electrochemistry, electromagnetic, visco-elasticity, dynamics, rheology, and fluid mechanics [7, 10, 11, 12, 19, 20] . The interested reader is referred to the references of Podlubny [15] , Kilbas [6] , Samko and al [18] for further information and applications. Other recent works on this theory can be founded in [14, 13, 18, 17] . Moreover, the investigation for the existence solutions of fractional differential equations have been developed very quickly, see for instance [1, 3, 4, 5] . In this paper we are concerned with the existence and uniqueness of solutions for the following problem:
where D α , D β , D γ denote the Caputo's fractional derivatives with 2 < α < 3, 0 < β < 1, 1 < γ < 2, the real constants a 1 , a 2 , a 3 , b 1 , b 2 , b 3 , c 1 , c 2 , c 3 satisfy
and f is a function that will be specified later.
Preliminaries
In this section, we give the necessary notation and basic definitions which will be used in this paper. Definition 2.1: The Riemann-Liouville fractional integral operator of order α ≥ 0, for a continuous function f on [0, ∞[ is defined as
where Γ(α) :
Details on Caputo's derivative can be found in [15] . Let us now introduce C (J, R) the Banach space of all continuous functions from J into R with the norm x = sup t∈J |x (t) |. We give the following two lemmas [18] :
where
for some c i ∈ R, i = 0, 1, 2, ...n − 1, n = [α] + 1.
We prove the following result:
Lemma 2.3 Let 2 < α < 3. A solution of the problem (1) is given by:
Proof We use lemmas 2.1 and 2.2 for 2 < α < 3. We can write:
By the conditions of (1), we obtain
Lemma 2.3 is thus proved.
To prove our results, we need to define the operator Ψ :
Main Results
The following conditions are crucial to prove our results: Our first result is given by:
then the problem (1) has a unique solution in C ([0, 1] , R) .
Proof:
To prove this theorem, we need to prove that the operator Ψ has a fixed point on
Thanks to (H 1 ) , we obtain
Using the condition (8) , we conclude that Ψ is a contraction mapping. Hence, by Banach fixed point theorem, there exists a unique fixed point in C ([0, 1] , R) , which is a solution of the problem (1) .
then the problem (1) has a unique solution on [0, 1]. Now, we discuss the existence of solution using Schaefer fixed point theorem. We have: Step1: Ψ is continuous on C ([0, 1] , R) : Let (x n ) n be a sequence such that
By (H 2 ), we obtain
Step2: Ψ maps bounded sets into bounded sets of
Using (H 3 ) , we can write:
and consequently,
Step3: Ψ maps bounded sets into equi-continuous sets of
As t 1 → t 2 , the right-hand side of the above inequality tends to zero. Then, as a consequence of Steps 1, 2, 3 together with the Arzela-Ascoli theorem, we can conclude that Ψ is completely continuous.
Step4: Now, we prove the boundeness of the set
Let x ∈ Ω, then x = λΨx for some 0 < λ < 1. Using (14) , we get:
Therefore,
Thus,
Finally, by Schaefer fixed point theorem, we deduce that Φ has a fixed point, which is a solution of the problem (1) .
Examples
Example 4.1 Consider the problem:
We have α =
We have also
and It is clear that: α = , and f (t, x) = 
Open Problems
We propose the following open problems: Open Problem 1: Using Caputo approach for fractional differential operator of order α, under what conditions do Theorems 3.1 and Theorem 3.3 hold for n < α < n + 1, n ∈ N * ? Open Problem 2: Is it possible to generalize the above main results for (1) , where the fractional derivatives are taken in the sense of Riemann-Liouville and n < α < n + 1, n ∈ N?
